ON THE STRUCTURE OF End„^(2)(nf 
QIANG FU AND QUNGUANG YANG 



Abstract. Let Uk{2) be the infinitesimal quantum glj over k, wiiere fc is a field containing an 
Ith primitive root e of 1 with I 3 odd. We will determine the basic algebra for End„^(2) (fif '^), 
where ilfc is the natural module for Uk{2). 



1. Introduction 

Infinitesimal quantum groups (i.e., small quantum groups) are important finite dimensional 
Hopf algebras introduced by G. Lusztig in [15]. They are quantum versions of restricted envelop- 
ing algebras in modular Lie theory and they are related to many other mathematical object. 
For example, certain important relation between infinitesimal quantum groups and logarithmic 
conformal field theories has been found in [12j. 

Let A; be a field containing an Ith primitive root e of 1 with / ^ 3 odd. Let Uk{2) be the 
infinitesimal quantum over k and let il^ be the natural module for u^.{2). Since ^^(2) is a 
Hopf algebra, Qf"^ becomes a Ufc(2)-module. The module Qf^ is very important since it contains 
many information for Uk{2). We are interested in the algebra End„^(2)(^f"')- this paper, we 
will study the basic algebra for End„^(2)(^f"")- We expect that our results can be related to 
some sort of Schur-Weyl duality for infinitesimal quantum groups. 

In [HI [H], the little g-Schur algebra Uk{n,r) was introduced as a homomorphic image of the 
infinitesimal quantum group Uk{n) and the symmetry structure for Uk{n,r) was investigated 
through the construction of various bases of monomial, BLM and PBW types for Uk{n,r). 
Representation theory for Uk{n,r) was studied in [9]. Little g-Schur algebras are closely related 
to infinitesimal (7-Schur algebras introduced in [5l [21 [3] (see [13]) and they are useful in the 
investigation of End„^(2)(l^f ) since Endu^(^2)i^T) = ^^'^uk{2,r)i^T)- 

We organize this paper as follows. We will recall the definition of little g-Schur algebras in 
§2. Using the result of [IJ, the basic algebra of the infinitesimal quantum s[2 will be studied in 
§3. In §4, we will classify semisimple blocks for the infinitesimal (7-Schur algebra Sfc(2, r) and the 
little g-Schur algebra Uk{2,r). Finally, we will determine the basic algebra for End„j,(2)(r2|"") in 
^5. 
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2. The little (;-Schur algebra 

The quantum enveloping algebra of 3(2 is the algebra U(2) over Q(f ) (with v an indeterminate) 
presented by generators 

E, F, Kf\ K^' 

and relations 

(a) K1K2 = K2K1, KiK{^ = 1, K2K2^ = 1; 

(b) KiE = vEKi, K2E = v~^EK2] 

(c) KiF = v-^FKi K2F = VFK2; 

(d) EF-FE= , where K = K^K^^. 

The algebra U(2) is a Hopf algebra with comultiplication A defined on generators by A(£') = 
E0K + 1(^E, A(F) = F O 1 + K-^ (g) F, A{Ki) = Ki® Ki. Let Z = l\v, v'^ 
let C/2(2) be the Z-subalgebra of U(2) generated by aU F^™), F^'^\ Kf^ and 
m,t G N, 



. Following [15], 
where for 



t 



with = [1][2] • • • N and [i] = 



Let be a field containing an Ith primitive root e of 1 with / ^ 3 odd. Specializing v to e, 
k will be viewed as an 2^-module. Let Uk{2) = Uz{'i) ®z k. We will denote the images of E, 
F, Ki in C/fc(2) by the same letters. Let Uk{2) be the fc-subalgebra of ?7a;(2) generated by the 
elements E, F, Kf-^ for all i. The algebra Uk{2) = Uk{2)/{K\ — l,i^2 ~ 1) infinitesimal 
quantum group of (cf. [IS]). 

Let 17 be a free 2^-module with basis {oji | 1 ^ i ^ 2} and let = (E> Q(f)- Then 
U(2) acts naturally on Q, by KaOJb = v^°-'^ujb, Eojb = 62fiU}b-i and Fcob = 6i^bi^b+i- Since 
Uz{2)0, Q Q, '■= ^ ^ k becomes a C/fc(2)-module. Thus the tensor space flf^ is an Uk{2)- 
module via the comultiplication A on Uk{2). Consequently, we get an algebra homomorphism 
Cr- : Uk{2) EndCOf''). Then 5^(2, r) := Cr(f/fc(2)) is the g-Schur algebra over k (see [7|). The 
algebra Ufc(2,r) = Cr(%(2)) is called a little g-Schur algebra (cf. [HKH]). Since Cr{Kl — 1) = 
for all i, induces a surjective map 

Cr : Uk{2) Uk{2,r). 

Thus we have End„,(2)(r!f ) = End,,(2,r)(^^r). 

Let Sk{2,r) be the subalgebra of 5*^(2, r) generated by Uk{2,r) and Cr([^i''^]) for 1 ^ ? ^ 2 
and t € N. By [13j, 5^(2, r) is isomorphic to the infinitesimal g-Schur algebra introduced in 
[3 El E]- The representation of little (;-Schur algebras and infinitesimal g-Schur algebras has 
close relation. For example we have the following result. 
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Lemma 2.1 ([9[ 7.1 and 8.5]). Let V be a 31^.(2, r) -module. Then 3005^.(2, r)^ = soc„^(2,r)^- 
Furthermore V is an indecomposable Sk{2,r) -module if and only if V is an indecomposable 
Uk{2, r)-module. 

3. The basic algebra of n^(2) 

Let n^(2) be the subalgebra Mfc(2) generated by E, F, K^^. Then m^(2) is the infinitesimal 
quantum group of 5l2- In this section, we will investigate the basic algebra of u']^{2) using the 
result of [1]. This result will be used in §4. 

By [91 9.4], we have 

(3.0.1) nfc(2,r) = C,(4(2)) 

for any r. Thus we have 

End„,(2)(f^r) = End„,(2,,)(17f ) = End„, (2)(17f ). 

Now following [1], we introduce several ii^(2)-modules as follows. For 1 ^ j ^ Z, let Lj be the 
u'^(2)-module with basis uqi'^I) ■ ' ' I'^j-i such that the action of m^(2) is given by 

Kvi = e^~^~'^''Vi, Evi = [j - i]vi-i, Fvi = [i + l]ui+i, 

where V-i = vj = 0. By [H 3.2], we know that the M^(2)-modules Lj (1 ^ j ^ /) are all 
non- isomorphic irreducible u^(2)-modules. For 1 ^ j ^ Z — 1, let Pj- be the M^(2)-module with 
basis Vq\v[^\ ■ ■ ■ , vI''2-^,Wq\w[^\ ■ ■ ■ , Wi''}^ such that the action of n^(2) is given by 

Kvi^) = e^-^-^'-'^vi^\ Evi;>'> = [l-j- s]v'f}^, F?;^') = [s + l]v'f^^, 



Kw^J) = e'~^'-^w^J\ Ew^p = [j - s]w^P_^ + 



l-j-l+s 
s 



Fw\^^ = [s + l]w'^l^, 



where = tD^ = for s ^ [0, / — 1]. By [U 3.9], the module Pj is the projective cover of Lj for 
1 ^ j ^ Z - 1. For 1 ^ j ^ / - 1, let 

Vj = svank{v\^}.,--- 
Mj = spanfc{t;J^\ • • • ,^{^^1, 
Nj = spaufclvfi^., • • • , v\^\,wf,- ■ ■ , w'f}^}. 
It is easy to check the following result. 

Lemma 3.1. For 1 ^ j ^ / — 1, Vj, Mj and Nj are all submodules of Pj. Furthermore we have 
Vj = Lj, Mj + Nj = rad(Pj), Mj/Lj = Nj/Lj = Li_j. Thus Pj has the following structure: 
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For 1 ^ j ^ I — 1, let a\ : Pj —!' Pi-j be the linear map such that 



a'f\Mj) = 0, a'f\w'iy) = ^'"^'^ 



for ^ s ^ / — 1, and let 03 : Pj — ?> Pi-j be the linear map such that 

for < s < / - j - 1 and ^ t ^ i - 1, where ai^'' = [j] ['|^'] and ftj^'^ = [/ - j] ['"^i"-' ] • One can 
easily check the following result. 

Lemma 3.2. For 1 ^ j ^ / — 1, we have a^{'\a2^ £ Hom„/_(2)(-fj) ^^i^d the set {a^{'\a2^} 
forms a k-basis for Hom„j_(2)(-fj;^«-j)- 

Let =S be the quiver in Figure 1 and be the two sided ideal of the path algebra kJS 

ai 
02 

• • 



^0 , /ji Xi 

(32 

Figure 1. 



generated by the relations ai/32 = a2/3i = 0, = 02^2, /3ia2 = /32ai = 0, fSiUi = [3202- Let 

Lemma 3.3. For 1 ^ j ^ / — 1, /ei -Bj 6e the basic algebra of the block o/n^,(2) containing Lj. 
Then Bj has two simple modules Lj,Li_j and Bj = a/. 

Proof. Since Pj is the projective cover of Lj we have Bj = End„/^(2)(-fj ® Pi-j)- It is easy to 
see that there is an algebra homomorphism f : ~^ such that f(ai) = ai \ f(a2) = (^2^ 
fiPi) = (^2 "'^ ^^"^ fiP^) = Oif By 13.21 we conclude that / is surjective. Thus, since 
dimfc(i2/) = dimfc Bj = 8, / must be an algebra isomorphism. □ 

4. The semisimple block of Sfc(2,r) and Uk{2,r) 

In this section, we will first classify semisimple blocks for 5^(2, r) and ^^(2, r). Certain relation 
between indecomposable projective modules for 5^,(2, r) and 14^(2, r) will be given in 14.81 This 
result can be used to determine the basic algebra of non-semisimple blocks for nfc(2, r) in certain 
cases (see l4.11j) . 

Following ^ Section 3.1 and 3.2], let Gi be the first Frobenius kernel of quantum linear group 
and GiT be the corresponding Jantzen subgroups. By 3.1(13)(i)], for each A € Z^, there IS a 
simple object Li{X) in Mod(Gi) and a simple object Li{X) in Mod(GiT). Note that if A = /i. 
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then -^^i(A) = Li[^). Here : 1? — >■ {'L/I'LY is the map defined by (j'l, ^'2) = (ji,i2)- Thus we 
may denote Li{X) by Li(A). 

Let P{D) = N2 and Pi{D) = {A G N^jO ^ Ai - A2 ^ / - 1, ^ A2 ^ / - 1}. Then by [21 [3], the 
set {Li(A)[A G r]^(Z))} forms a complete set of non-isomorphic simple 5^(2, r)-modules, where 
V\{D) = {A G Pi{D) + lP{D)\\i + \2 = r}. Furthermore, by p:, 5.5], the set {Li(A)|A G T\{D)} 
forms a complete set of non-isomorphic simple Ufc(2, r)-modules. 

We will denote the block of infinitesimal g-Schur algebras Sfc(2,r) containing Li(A) by ^i(A) 
for A G T\{D). For A G T\{D), the block of little g-Schur algebras Uk{2,r) containing Li(X) will 
be denoted by <B^(A). 

For A G Z^, we write Ai — A2 + I = ml+s, where ^ s < /. Let s~-X = (A2 — Xi + 1— ml). 
Similarly, let • A = A if s = 0, otherwise let s"*" • A = (A2 — 1 + {m + 1)/, Ai + 1 — (m + 1)/). 
Define s°A = A, s"' • A = s+ ■ {s"^'^ ■ A) for m > 0, and s™ • A = • (s^+i • A) for m < 0. 

To study the block for Uk{2,r), we need to understand the block for Sk{2,r). Let 

St = {A G T'[{D) \ X1-X2 + I = ml for some m G Z}. 

An element in St will be called a Steinberg weight. For A G St, the block ^"[{X) of 5^(2, r) 
will be called a Steinberg block. Note that *B]|(A) is semisimple for A G St. The set St can be 
explicitly calculated as follows. 

Lemma 4.1. Assume r = si + t, where s ^ and ^ t < I. 

(1) If s ^ 1 and t is odd, then 



,,, t-l t + /s + m-2 s-m 

St = <^ [1 + —^,—^ +1 



(2) If s ^ 1, t is even and t^l — 1, then 

_J/3^-l + t t + l + l\ fs + m-3 s-m 
{[ 2 

(3) If s^l andt = l- 1, then 

' s + m — 1 s — m + 1 



m = s, s — 2, ■ ■ ■ , — s + 2 



m = s — 1, s — 3, ■ ■ ■ ,— s + 3 



St = |(/- 1,0) + Z 
(4)Ifs = 0, then 



m = s + 1, s — 1, ■ ■ ■ ,—s + l 



St 



(/-1,0) if r = 1-1, 
ill otherwise. 



Proof. We only prove (1). The other cases are proved similarly. We assume t is odd. Clearly, 
we have (/ + ^^,^±i) + /(^±f^,^) G St for m = s, s - 2, • • • , -s + 2. If A G St then 
Ai — A2 + 1 = Im for some m G Z. Hence Ai = a,nd A2 = ^(^~™)+*+^ ^ write 

t — 1 t + 1\ ,/s + m — 2 s-m 
A= ^ + — ^ 
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Since (/ + ^) G Pi{D) and A G Tl{D) we conclude that (^±f^, ^) G and hence 
— s + 2 ^ m ^ s and m — s is even. The assertion (1) follows. □ 

The following result follows from [10, 3.4] (see also [6, 2.3]). 

Lemma 4.2. For A G ^HD) we have 

%[{X) = {s"^ . A I m G Z, s™ • A G Hp)}. 

Bv l4.2t we immediately get the following result. 

Corollary 4.3. Assume A St and A G r[{D). Write \ = n + Iv, where n G Pi{D) and 
V G P{D). 

(1) IfHi^l-2, then %1{X) = {s™ • A | -2ui ^ m ^ 22^2}. 

(2) //^i ^ / - 1, then %1{X) = {s"^ • A | -2ui - 1 ^ m s: 2z^2 + !}• 

Now let us classify the semisimple block for Sk{2,r) as follows. Let 

0^-i^;-2;i<2/-r-2;r-O0is evenj ; 

O^i^/ — 2;i^2/ — r — 2;r — zis evenj- . 

Proposition 4.4. The blocks 5S]|(A) (A G X) are all semisimple non-Steinberg blocks of Sk{2,r). 

Proof. Assume ^i(A) (A G Ti{D)) is a semisimple non-Steinberg block of 5^(2, r). We need 
to prove that A G X. We write A = fi + lu, where fi G Pi{D) and u G P{D). Since 'Bj^(A) 
is semisimple, we have |*B^(A)| = 1. So bv 14.31 we have fii ^ I — 2 and u = 0. We denote 
i = Xi — A2. Then A = and r — i = 2X2 ^ is even. Furthermore, since X = fi £ Pi{D) 

and Ai = ;Ui ^ 1-2, we have ^ i ^ Ai ^ /-2 and 2l-r-2-i = 2/-2-2Ai ^ 2/-2-2(/-2) > 0. 
Thus A G X. 

On the other hand, by jlO| , 6.0.2], 55^' (A) is semisimple for A G X. Furthermore, if A = 
{^-^1 ^-^) G X, then we have r + i <2l — 2 and r + i \s even. So r + i ^ 2Z — 4. It follows that 
Ai — A2 + 1 ^ Ai + 1 = ^ + 1 ^ / — 1 and hence A St. This completes the proof. □ 

By [HJ; we know that 5^(2, r) = Sk{2,r) is semisimple for I > r. If / ^ r, we can determine 
all non-semisimple blocks of 5^(2, r) as follows. 

Proposition 4.5. Assume I ^ r. Then the blocks 5S^(A) (A G JT") are all non-semisimple blocks 
of Sk{2,r). 

Proof. By |10[ 6.0.2], 53 J (A) is non-semisimple for A G .T"- Now we assume *B is a non-semisimple 
block of Sk{2,r). We need to prove that 55 n J" / 0. Fix A G *B. We write X = ^ + Iv with 



X 
J 



r -\- 1 r — I 



2 2 

r + i r — i 
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/i G i^i(^) and v £ P{D). Let 6 = s^^^"^ ■ A. Then by Owe have (5 G *B. So it is enough to 
prove that (5 G JT". By definition we have 

(;U2-l,/ii + l)+/(^^i±^,^^i±^) if - 1^1 is odd; 
+ if 1^2 - 1^1 is even. 

Let i = di — 52- Then 

- 2 + Z if f2 — 1^1 is odd; 

if f2 — 1^1 is even. 

Since *B is non-semisimple, we have / /Ai — A2 + 1. Thus, since fi G Pi{D), we have ^ — ;U2 ^ 
Z — 2. It follows that ^ i ^ / — 2. So it remains to prove that i ^ 2/ — r — 2. We divide four 
cases. 

Case (1). We assume fii ^ I — 2 and 1^2 — is odd. By 14.31 we have |!B| = 2{ui + U2) + 1. 
Since 55 is non-semisimple we have vi + ^2^ 1- Thus i — 2Z + r + 2 = 2/^2 + ^(i^i + J^2 — 1) ^ 0. 

Case (2). We assume /ii ^ / — 2 and z^2 — is even. Since = 2{vi + 1^2) + 1 ^ 3 by 14.31 and 
f2 — vi is even, we have V1 + U2 ^ 2. It follows that i — 2/ + r + 2 = 2/ii + 2 + l{vi + V2 — 2) ^0. 

Case (3). We assume /ii ^ / — 1 and z^2 — i^i is odd. Since |!B| = 2{vi + z^2 + 1) + 1 ^ 3 bv 14.31 
and V2 — T^i is odd, we have V1 + U2 ^ 1. It follows that i — 2/ + r + 2 = 2^2 + K^i + z^2 — 1) ^0. 

Case (4). We assume I — 1 and V2 — t^i is even. Since = 2(z^i + z^2 + 1) + 1 ^ 3 bv 14.31 
we have 1/1 + 1^2 ^ 0. It follows that i-2/ + r + 2 = 2/ii + 2 + /(z^i + 1^2 - 2) ^ 2(^i + l-/) ^0. □ 

Using the description of blocks for Sk{2, r), we can determine the block for Uk{2, r) as follows. 

Proposition 4.6. (1) The algebra Uk{2,r) is semisimple for I > r. 

(2) The blocks (A G StUX) are all semisimple blocks of Uk{2,r). 

(3) Assume I ^ r. Then the blocks (A G ^) are all non-semisimple blocks of Uk{2,r). 

Proof. If / > r, then by [8l 8.2] and we have Ufc(2,r) = 5^(2, r) is semisimple. Furthermore, 
by P 8.4], we have 



(4.6.1) W,{X) = ^l{X) 

for A G n(L>). Thus the assertions (2) and (3) follow from OlOl □ 

Now we will study the relation between indecomposable projective modules for Sk{2,r) and 
Ufc(2,r). For A G Ti{D), let Pi{X) (resp. /i(A)) be the projective cover (resp. injective hull) of 
Li(A) as a Sfc(2, r)-module. Similarly, for A G T\{D), let Pi(A) (resp. Ii(A)) be the projective 
cover (resp. injective hull) of Li{X) as an n,fc(2, r)-module. 
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Lemma 4.7 ([13 3.6]). Assume %'[{X) = {X^°\ ■ ■ ■ , A^}, where s+ • A^ = A(*+i) and t ^ 2. 
The projective covers Pi(A(*)) of the simple modules Li(A^*)) have the following structure: 

Pi(A(°)) : Li(A(°)) Pi(A(-'')) : Li(A(^')) Pi(AW) : Li(AW) 

£i(A«) (j = i,...t-l) Li(A(^-i)) Li(A(^+i)) Li(A(*-i)). 

Li(A(J')) 

Proposition 4.8. ^sswme ^^(A) = {A(°V • • , A^}, where s+ • A^ = A(*+^) and t ^ 2. Then 
Pi(AW) = Pi(AW) as an Uk{2,r) -module forli^i^t-l. 

Proof. Let Qi{X) (resp. (3i(A)) be the injective hull of Pi (A) (resp. Pi (A)) as a GiP-module 
(resp. Gi-module). Assume 1 i^i^t-l. Then /i(A(*)) ^ Qi(A(*)) by |10i 3.5]. Furthermore by 
d 3.2(10)] we have Qi(A(^))|gi = (3i(A(*)). It follows that /i(A(*)) is injective as a d-module 
and hence /i(A^*^) is injective as a tifc(2, r)-module. Consequently, bv 12. H ^i(A^*))|„^(2,r) — 
/i(A«). □ 

Remark 4.9. Note that in general Pi(A''*'')|u^(2,t-) is not isomorphic to Pi(A(*)) for i = 0,t. 

Corollary 4.10. Assume I ^ r and A G JT". Then we have ^i{X) = {X,Jl}, where fi = s~ ■ X. 
Furthermore if \^i{X)\ ^ 5, then the projective covers of the simple modules Pi (A) and Li{jl) 
have the following structure: 

Pi(A): Pi(A) Pi(7l): Pi(7x) 
2Pi(7l) 2Pi(A) 
Pi (A) Pi(7x) 

Proof ByMl^), we have *B^(A) = {X,Jl}. If \%\{X)\ ^ 5, then bySS we have Pi(A)|„^(2,r) = 
Pi(A) and Pi(/i)|Mj.(2,r) — Pii'P)- Now using [2?T] and we get the structure of Pi(A) and 
Pi(7^). □ 

Using 13.31 and 14.101 we can determine the basic algebra of the block !B^(A) in the case of 
I^I(A)|^5. 

Corollary 4.11. Assume A € JT" and |!B^(A)| ^ 5. Then the basic algebra B of the block '^\{X) 
is isomorphic to the algebra defined in §5. 

Proof. Let [i = s~ -X and i = Ai — A2. Since A G JT" we have ^ i ^ 1—2. Thus fi = (A2 — 1, Ai + 1). 
By ()3.0.ip we conclude that Pi (A) and Pi(/i) are irreducible ii^(2)-modules, and hence we have 
Li{X) = Pj+i and Pi(7l) — P;-j-i. Let vr^ be the natural homomorphism from Pi (A) to 
Pi (A) and vr^ be the natural homomorphism from Piijl) to Li{jl). Since Pj+i and Pi-i-i are 
projective ii'^(2)-modules, there exist ■u'^(2)-module homomorphisms ffj^ : Pi+i Pi (A) and 
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gjc : Pi-i^i Plip) such that '^x° 9\~ ^^"^ '^jt° Oji = I^ii'P)- By 14.101 we conclude that 

and Qjc are all surjective. Furthermore by 13.11 and 14.101 we haye dim^ Pj+i = dimfcP(A) and 
dimfcPi„j_i = dimfcP(7l). Thus we haye Pj+i = Pi(A) and Pi-i-i = Pi(/u)- Consequently, by 
(I3TO andEJwe haye B = End„^(2,r)(A(A) Pi(7i)) = End„/j2)(^'i+i © ^'i-i-i) = -e^- □ 

5. The basic algebra of End„^(2)(J^f'') 

Using the result of §4, we will determine the basic algebra of End„^(2)(f^f'^) in this section. 
By [H 8.2], Uk{2,r) = 5^(2, r) is semisimple for / > r. Hence if Z > r, then Endu^.(2){^f^) = 
End„^(2,r)(^f"^) is semisimple and it is the quotient of Hecke algebra modulo the kernel of the 
action on the tensor space. So we assume / ^ r from now on. 

Write Qf^ = ©i^j^/imj-Ej with rrii ^ 1, where the Ei are indecomposable Ufc(2, r)-modules 
and pairwise non-isomorphic. Let N = (Bis^is^hEi- Then 

A, := End„,(2)(A^) = End„^,(2,,,)(A^) 

is the basic algebra of Enduj,(2)(^f"')- Let P be a block of Uk{2,r). We will denote N{B) = 
(BEi^BEi, where Ei ^ B means that eyery composition factor of Ei belongs to B. Then we 
haye = (BB^iB), where B runs through all blocks of Uk{2,r). Furthermore, we let Ar{B) = 
End„,(2,,)(A^(i?)). Then 

Ar = II Ar{B). 



B 



By 14.61 we haye 



(5.0.1) A, ^ fc" X [] A,(^^(A)), 

where a = #{B \ B is the semisimple block of Uk{2,r), N{B) ^ 0}. Now we will first calculate 
the number a and Clearly, we have 



J 



{(^, ^) I ^ i ^ / - 2, r - i is eyen} if r ^ 2/ - 2, 

{(^, I 2Z - r - 2 ^ i ^ / - 2, r - i is eyen} if r < 2/ - 2. 
Thus we immediately get the following results. 



Lemma 5.1. (1) if r ^21-2, then \J\ = 
(2) Ifr<2l-2, then 



\J\ 



r-l+l 
2 

r~l+2 
2 



if r is even, 
if r is odd. 



Lemma 5.2. The isomorphism types of the indecomposable summands of as an 1*^(2, r) 
module are precisely 

(i) the simple modules Li{\) for A G XU JT"; 
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(ii) the simple modules Li{X) for A G St; 

(in) the modules -Pi(A) and Pi{'p), where A € J^, fj, = s^ ■ \ and |5S^(A)| ^ 5; 
(iv) the module -Pi (A), where A € JT" and |53^(A)| = 3. 

Proof. By |101 §6] the isomorphism types of the indecomposable summands of Q.f'^ as an 5^(2, r)- 
module are precisely 

(i) the simple modules -^^i(A) for A G XU 

(ii) the simple modules -^^i(A) for A G St; 

(iii) the modules PiCs™ • A) for A G J" and \m\ ^ ^{\%'[{X)\ - 3). 

Thus the assertion follows from 14.81 □ 



Corollary 5.3. (1) If r ^21-2, then a = l. 

(2) If I ^ r < 21 — 2 and r is even, then a = I — ^; 

(3) If I ^ r < 21 — 2 and r is odd, then a = I — . 

Proof. By|M]and[521 we have a = |St| + |X|. ByOwe have |St| = 1. If r ^ 2/ - 2, then X = 
and hence a = 1. If / ^ r < 2/ - 2 and r is even, then X = {(^, ^) | i = 0, 2, 4, • • • , 2/ - r - 4} 
and hence a = /-§. If Z ^ r < 2/ -2 and r is odd, then X = {(^, ^) | i = 1, 3, 5, • • • ,2/-r-4} 
and hence a = I — □ 

Finally, we will determine Aj.(5S]^(A)) for A G JT". 

Lemma 5.4. Assume A G JT". W^riie \ = ^ + lu, where ji G Pi{D) and v G P[p). If ^J-i ^1 — 2, 
then \%\{\)\ ^ 5. 

Proof. Write A2 = sl + t, where s ^ and ^t < I. Let z = Ai — A2. Then A = {i + t,t) + l{s,s). 
Since A G JT", we have (i + t,t) G Pi{D) and hence /i = {i + t,t) and = (s, s). Now we assume 
fii ^ I — 2. Since A G we have i ^ 21 — r — 2. Thus, since t = X2 — sl = — sl, we have 

^ / - 2 - ^1 = / - 2 - (i + t) = (s + 1)/ - 2 - ^ (s + 1)/ - 2 - / + 1 = s/ - 1. 

It follows s ^ 1. Thus by 1131 we have = 4s + 1 ^ 5. □ 

Corollary 5.5. Assume A G J". Then !^i(A)| = 3 if and only if X £ Pi{D). 

Proof. Let z = Ai — A2 and write X2 = sl + 1 with s ^ and ^ t < I. Then X = fi + Iv, where 
= {i + t, t) and u = {s, s). Since A G JT", we have /i G Pi{D). If |*B^'(A)| = 3 then bv l5.4l we have 

^1 ^ / - 1. Thus bySDwe have |^^(A)| = 4s + 3. It follows s = and hence A = G Pi{D). 
If A G Pi{D), then X = fi and 1^ = 0. Let i = Ai — A2. Since A G ^T", we have /ii = Ai = ^ ^ 

/ - 1. Thus by 1131 we have |^^(A)| =3. □ 
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a 

• ^ • 

^ Y 

Figure 2. 

Theorem 5.6. (1) If X ^ J' H Pi{D), then Ar(!B^(A)) has quiver as shown in Figure 2, and is 
given by the relations f3a = 0; 

(2) If X (z ^ and X Pi{D), then Aj,(*B^(A)) has quiver as shown in Figure 3, and is given by 
the relations ai^j = 0, ai/?i = a2/?2; /SjCtj = 0, 7^ = 0, 7/3j = 0, aid = and Piai = (^2^2 = ^7 
fori / j. 



X , Pi y 7 z 
Figure 3. 



Proof. Let Xq = Li{Jl) and Xi = Li(X), where /i = s" • A. Let P{Xo) = Pi{jl) and P{Xi) = 
Pi (A). If A € J' n Pi{D), then by EJ and [53] we have N{W^(X)) = Xi © P(Xi), and hence 
A^(<B^(A)) = End„^(2,r.)(^i ®-P(^i))- We write Ar(5SJ(A)) as 

<^ll 012\ 
^^'21 022 / 

where (/.n E End(Xi), (/)22 G End(P(Xi)), (/)i2 G Hom(Xi, P(Xi)) and (/.21 G Hom(P(Xi), Xi). 
Then 

Let a be the natural surjective nfc(2, r)-module homomorphism from P{Xi) to Xi and let /3 be 
the natural injective ttfc(2, r)-module homomorphism from Xi to P{Xi). Then /3a = 0. From 
this, one can easily conclude (1). 

Now we assume A G J" and A ^ Pi{D). Then by [52] and [531 we have N{W^(X)) = Xi © 
P{Xo) © PiXi), and hence we have A^(*B^(A)) = End„^(2,^)(Xi © P{Xo) © P(Xi)). We write 
Ar{W^(X)) as 

4>u 4>i2\ 

(^21 4>22 I 
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where <^ii € End(Xi), 022 G End(P(Xo) P(Xi)), (P^ € Hom(Xi,P(Xo) © P(Xi)) and </)2i G 
Hom(P(Xo) © P{Xi),Xi). Then 



where S = End(P(Xo) © P(Xi)) is the basic algebra of ^{{X). Thus (2) follows fromEU □ 



We would like to thank professor Susumu Ariki for his suggestion on this problem. We also 
thank professor Bang Ming Deng for some useful discussions and thank the referee for some 
useful comments. 
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